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Abstract
In this paper we study the system of two difference equations of the form
xn+1 =
k∑
i=0
Ai
y
pi
n−i
, yn+1 =
k∑
i=0
Bi
x
qi
n−i
,
where Ai,Bi , i ∈ {0,1, . . . , k}, xi , yi , i = −k,−k + 1, . . . ,0, are positive numbers and
pi, qi , i = 0, . . . , k, are positive constants. More precisely, we investigate the boundedness,
the persistence of the positive solutions, the existence of a unique positive equilibrium and
the global asymptotic stability of the positive equilibrium of the above system. Finally, we
find solutions of the system which do not oscillate about the positive equilibrium.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
In [1,2] DeVault et al. investigated the boundedness, persistence, the oscillatory
behavior and the asymptotic behavior of the positive solutions of the equation
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xn+1 = A
x
p
n
+ 1
x
q
n−1
, n= 0,1, . . . , (1)
where A,x−1, x0 are positive constants and p,q ∈ (0,∞).
Moreover, Philos et al. [5] studied the asymptotic stability of the positive
equilibrium of (1) where p = q = 1.
Finally, in [4] Papaschinopoulos and Schinas studied the equation
xn+1 =
k−1∑
i=0
Ai
x
pi
n−i
+ 1
x
pk
n−k
, n= 0,1, . . . , (2)
where xi , i = −k,−k + 1, . . . ,0, Ai , i = 0,1, . . . , k − 1, are positive constants
and pi ∈ (0,∞), i = 0,1, . . . , k. It is obvious that if k = 1 then Eq. (2) reduces to
Eq. (1).
Now in this paper we consider the system of difference equations
xn+1 =
k∑
i=0
Ai
y
pi
n−i
, yn+1 =
k∑
i=0
Bi
x
qi
n−i
, n= 0,1, . . . , (3)
whereAi,Bi , i ∈ {0,1, . . . , k}, xi, yi , i =−k,−k+1, . . . ,0, are positive numbers
and pi, qi , i = 0, . . . , k, are positive constants. Obviously, if Ai = Bi , i =
0,1, . . . , k, Ak = Bk = 1, pi = qi , i = 0, . . . , k, and (xn, yn) is a solution of (3)
such that xi = yi , i =−k,−k+ 1, . . . ,0, then xn = yn, n= 0,1, . . . , and so xn is
a solution of (2).
We say that a positive sequence zn persists (respectively, is bounded) if there
exists positive constant K (respectively, M) such that
K  zn (respectively, zn M).
We say that a positive solution (xn, yn) of (3) is bounded and persists if the
sequences xn and yn are bounded and persist.
We say that a sequence of positive numbers wn, n= 0,1, . . . , oscillates about
w, w > 0, if for every τ ∈ N there exist s,m ∈ N , s  τ , m  τ , such that
(ws −w)(wm −w) < 0.
Let x, y be positive numbers. A solution (xn, yn) of (3) oscillates about (x, y)
if the sequence xn oscillates about x or the sequence yn oscillates about y.
In the present paper we find conditions so that for every positive solution
(xn, yn) of (3) we have that xn is bounded and yn persists and vice versa and
also we find conditions so that every positive solution is bounded and persists.
Moreover, we give conditions so that system (3) has unbounded solutions and
solutions which do no persist. In addition, we give a condition such that (3) has
a unique positive equilibrium (x¯, y¯). Moreover, using some conditions, we prove
that (x¯, y¯) is globally asymptotically stable. Finally, in contrast to equation (2), we
find solutions of system (3) which do not oscillate about the positive equilibrium
(x¯, y¯).
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2. Main results
We prove now our main results. In the first proposition we study the bound-
edness and persistence of the positive solutions of system (3).
Proposition 1. Consider system (3) where Ai,Bi , i ∈ {0,1, . . . , k}, are positive
constants, and pi, qi , i = 0, . . . , k, are positive numbers. Let (xn, yn) be a positive
solution of system (3). Then the following statements are true:
(i) Suppose that for every i ∈ {0,1, . . . , k} there exists a µi ∈ {0,1, . . . , k} such
that
piqµi < 1, i = 0,1, . . . , k. (4)
Then xn is bounded and yn persists.
(ii) Suppose that for every i ∈ {0,1, . . . , k} there exists a µi ∈ {0,1, . . . , k} such
that
piqµi  1, i = 0,1, . . . , k. (5)
Suppose also that
β =
k∑
i=0
Ai
B
pi
µi
 1. (6)
Then xn is bounded and yn persists.
(iii) Suppose that there exist µj ∈ {0,1, . . . , k}, j = 0,1, . . . , τ , τ  k, µ0 <
µ1 < · · ·<µτ such that
qµj pi  1, j = 0,1, . . . , τ, i = 0,1, . . . , k. (7)
Suppose also that
τ∑
j=0
Bµj
C
qµj
 1, C =
k∑
i=0
Ai. (8)
Then xn is bounded and yn persists.
(iv) Suppose that for every i ∈ {0,1, . . . , k} there exists a λi ∈ {0,1, . . . , k} such
that
qipλi < 1, i = 0,1, . . . , k. (9)
Then xn persists and yn is bounded.
(v) Suppose that for every i ∈ {0,1, . . . , k} there exists a λi ∈ {0,1, . . . , k} such
that
qipλi  1, i = 0,1, . . . , k. (10)
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Suppose also that
γ =
k∑
i=0
Bi
A
qi
λi
 1. (11)
Then xn persists and yn is bounded.
(vi) Suppose that there exist λj ∈ {0,1, . . . , k}, j = 0,1, . . . , τ , τ  k, λ0 < λ1 <
· · ·< λτ , such that
pλj qi  1, j = 0,1, . . . , τ, i = 0,1, . . . , k. (12)
Suppose also that
τ∑
j=0
Aλj
D
pλj
 1, D =
k∑
i=0
Bi. (13)
Then xn persists and yn is bounded.
(vii) Suppose that the hypotheses (i) and (iv) (respectively, (i) and (v)) (respec-
tively, (i) and (vi)) (respectively, (ii) and (iv)) (respectively, (iii) and (iv))
(respectively, (iii) and (vi)) are satisfied. Then (xn, yn) is bounded and per-
sists.
Proof. (i) Fix a µi , i ∈ {0,1, . . . , k}, such that (4) holds. If r1 = max{piqµi , i =
0,1, . . . , k} we set
m1 =max
{
1, β1/(1−r1), xi, i =−k,−k + 1, . . . , k + 1
}
,
β =
k∑
i=0
Ai
B
pi
µi
. (14)
Then from (3), (4) and (14) we get
xk+2 =
k∑
i=0
Ai(∑k
j=0
Bj
x
qj
k−i−j
)pi =
k∑
i=0
Ai(∑k
j=0, j =µi
Bj
x
qj
k−i−j
+ Bµi
x
qµi
k−i−µi
)pi

k∑
i=0
Ai(
Bµi
x
qµi
k−i−µi
)pi mr11 β m1. (15)
Therefore using (3), (4), (14), (15) and working inductively we can easily prove
that
xn m1, n= 1,2, . . . . (16)
Hence relations (3) and (16) imply that
yn 
k∑
i=0
Bi
m
qi
1
, n= 1,2, . . . . (17)
298 G. Papaschinopoulos, C.J. Schinas / J. Math. Anal. Appl. 273 (2002) 294–309
Since (16) and (17) are satisfied the proof of (i) is completed.
(ii) We set
m2 =max{1, xi, i =−k,−k+ 1, . . . , k + 1}. (18)
Then from (3), (5), (6) and (18) we get
xk+2 =
k∑
i=0
Ai(∑k
j=0, j =µi
Bj
x
qj
k−i−j
+ Bµi
x
qµi
k−i−µi
)pi

k∑
i=0
Ai(
Bµi
x
qµi
k−i−µi
)pi m2β m2. (19)
Then using (3), (5), (6), (18), (19) and working inductively we get
xn m2, n= 1,2, . . . . (20)
Hence relations (3) and (20) imply that
yn 
k∑
i=0
Bi
m
qi
2
, n= 1,2, . . . . (21)
So, since (20) and (21) are satisfied the proof of (ii) is completed.
(iii) We set
m3 =min{1, yi, i =−k,−k+ 1, . . . , k + 1}. (22)
Then, if rτ = max{piqµj , i = 0,1, . . . , k, j = 0,1, . . . , τ }, from (3), (7), (8)
and (22) we get
yk+2 =
k∑
i=0
Bi(∑k
j=0
Aj
y
pj
k−i−j
)qi 
τ∑
i=0
Bµi(∑k
j=0
Aj
y
pj
k−µi−j
)qµi
mrτ3
τ∑
i=0
Bµi
Cqµi
m3. (23)
Then using (3), (7), (8), (22), (23) and working inductively we get
yn m3, n= 1,2, . . . . (24)
Hence relations (3) and (24) imply that
xn 
k∑
i=0
Ai
m
pi
3
, n= 1,2, . . . . (25)
So, since (24) and (25) are satisfied the proof of (iii) is completed.
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(iv) Fix a λi , i ∈ {0,1, . . . , k}, such that (9) holds. If s1 = max{qipλi , i =
0,1, . . . , k} we set
m4 =max
{
1, γ 1/(1−s1), yi, i =−k,−k+ 1, . . . , k + 1
}
,
γ =
k∑
i=0
Bi
A
qi
λi
. (26)
Then from (3), (9), (26) and arguing as in the proof of (i) we can easily prove that
yn m4, xn 
k∑
i=0
Ai
m
pi
4
, n= 1,2, . . . ,
which completes the proof of (iii).
(v) We set
m5 =max{1, yi, i =−k,−k + 1, . . . , k + 1}. (27)
Then from (3), (10), (11), (27) and arguing as in the proof of (ii) we get
yn m5, xn 
k∑
i=0
Ai
m
pi
5
, n= 1,2, . . . ,
and so the proof of (iv) is completed.
(vi) We set
m6 =min{1, xi, i =−k,−k + 1, . . . , k + 1}. (28)
Then from (3), (12), (13), (28) and arguing as in the proof of (iii) we get
xn m6, yn 
k∑
i=0
Bi
m
qi
6
, n= 1,2, . . . ,
and so the proof of (vi) is completed.
(vii) The proof follows immediately from (i)–(vi). This completes the proof of
the proposition. ✷
Corollary 1. Consider system (3) where Ai,Bi , i ∈ {0,1, . . . , k}, are positive
constants, and pi, qi ∈ (0,∞) such that for every i ∈ {0,1, . . . , k} we have
piqk−i < 1.
Then every solution of (3) is bounded and persists.
Proof. The proof follows immediately from (i) and (iv) of Proposition 1.
The following corollary generalizes Theorem 1 of [1].
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Corollary 2. Consider system (3) where
Ai = Bi > 0, i ∈ {0,1, . . . , k},
Av > 1 for some v ∈ {0,1, . . . , k}, (29)
and pi, qi ∈ (0,∞) are positive numbers such that
pi  1, qi  1, i ∈ {0,1, . . . , k}. (30)
Then every solution of (3) is bounded and persists.
Proof. Since (30) holds we can set in (iii) and (vi) of Proposition 1 τ = k.
Then µj = λj = j , j = 0,1, . . . , k. Moreover, from (29) it is obvious that
C =D > 1. Thus relations (8) and (13) are satisfied. Therefore from (iii) and (vi)
of Proposition 1 the proof of the corollary follows immediately. ✷
In the following proposition which generalizes Theorem 2 of [2] and
Theorem 3 of [4] we find conditions so that (3) has solutions which are neither
bounded nor persist.
Proposition 2. Consider system (3) where Ai,Bi , i ∈ {0,1, . . . , k}, are positive
constants, and pi, qi ∈ (0,∞), i = 0, . . . , k. Then the following statements are
true:
(i) Suppose that for every i ∈ {0,1, . . . , k} there exists a µi ∈ {0,1, . . . , k} such
that
piqµi = 1. (31)
Suppose also that
β =
k∑
i=0
Ai
B
pi
µi
< 1. (32)
Let (xn, yn) be a positive solution of (3). Then xn does not persist and yn is
unbounded.
(ii) Suppose that for every i ∈ {0,1, . . . , k} there exists a λi ∈ {0,1, . . . , k} such
that
qipλi = 1. (33)
Suppose also that
γ =
k∑
i=0
Bi
A
qi
λi
< 1. (34)
Let (xn, yn) be a positive solution of (3). Then yn does not persist and xn is
unbounded.
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(iii) Suppose that
piqk−i > 1, i = 0,1, . . . , k. (35)
Then there exist solutions of (3) which are neither bounded nor persist.
Proof. (i) We set
m7 =max{xi, i =−k,−k+ 1, . . . , k + 1}. (36)
Then from (3), (31), (32) and (36) we have
xk+2 =
k∑
i=0
Ai(∑k
j=0, j =µi
Bj
x
qj
k−i−j
+ Bµi
x
qµi
k−i−µi
)pi
<
k∑
i=0
Ai(
Bµi
x
qµi
k−i−µi
)pi m7β <m7. (37)
Using (3), (31), (32), (36), (37) and working inductively we can easily prove
xi < m7β <m7, i = k + 2, k+ 3, . . . ,3k+ 3.
Finally, working inductively, we get
xi < m7β
v, i ∈ {−k + v(2k + 2), . . . , k + 1+ v(2k + 2)},
v = 0,1, . . . . (38)
Then, using (32) and (38), it is obvious that xn does not persists and so from (3)
yn is unbounded. This completes the proof of (i).
(ii) We set
m8 =max{yi, i =−k,−k+ 1, . . . , k + 1}. (39)
Using (3), (33), (34), (39) and working similarly as in (i) we can prove that
yi < m8γ
v, i ∈ {−k + v(2k + 2), . . . , k + 1+ v(2k + 2)},
v = 0,1, . . . . (40)
Therefore, using (34) and (40), we have that yn does not persists and so from (3)
xn is unbounded. This completes the proof of (ii).
(iii) Without loss of generality we may suppose that
A0
B
p0
k
 1, Bk
A
qk
0
 1, (41)
since from (35) we can apply the transformation xn = Szn, yn = T wn to (3) where
S 
(
B
p0
k
A0
)1/(p0qk−1)
, T 
(
A
qk
0
Bk
)1/(p0qk−1)
.
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Let (xn, yn) be a solution of system (3) such that
x0 <
(
k∑
i=0
Ai
B
pi
k−i
)−1/(θ−1)
, y0 <
(
k∑
i=0
Bi
A
qi
k−i
)−1/(θ−1)
, (42)
where θ = min{piqk−1, i = 0,1, . . . , k}. Then from (3), (35), (41) and (42) we
get
xk+2 =
k∑
i=0
Ai(∑k
j=0, j =κ−i
Bj
x
qj
k−i−j
+ Bk−i
x
qk−i
0
)pi < x0xθ−10
k∑
i=0
Ai
B
pi
k−i
< x0,
(43)
yk+2 =
k∑
i=0
Bi(∑k
j=0, j =κ−i
Aj
y
pj
k−i−j
+ Ak−i
y
pk−i
0
)qi < y0yθ−10
k∑
i=0
Bi
A
qi
k−i
< y0.
(44)
Then from (3), (35), (41)–(44) and working inductively we get
x(k+2)n+k+2 < x(k+2)nxθ−1(k+2)n
k∑
i=0
Ai
B
pi
k−i
< x(k+2)nxθ−10
k∑
i=0
Ai
B
pi
k−i
, (45)
y(k+2)n+k+2 < y(k+2)nyθ−1(k+2)n
k∑
i=0
Bi
A
qi
k−i
< y(k+2)nyθ−10
k∑
i=0
Bi
A
qi
k−i
. (46)
Therefore, from (42), (45) and (46) it follows that
x(k+2)n+k+2 < x(k+2)n, y(k+2)n+k+2 < y(k+2)n, n= 0,1, . . . . (47)
From (47) there exist the limn→∞ x(k+2)n = M1 and limn→∞ y(k+2)n = M2,
where M1,M2 ∈ [0,∞). So, relations (42), (45) and (46) imply that M1 =M2
= 0. Therefore, xn, yn do not persist. Then, from (3), xn, yn are unbounded
above. This completes the proof of (iii). Thus the proof of the proposition is com-
pleted. ✷
In the following proposition we study the existence of a unique positive
equilibrium (x¯, y¯) of (3) and the global asymptotic stability of (x¯, y¯). We need
the following lemmas.
Lemma 1. Let pi, qi ∈ (0,∞), i = 0,1, . . . , k. Suppose that
piqj  1, i, j ∈ {0,1, . . . , k},
k∑
i=0
pi
k∑
i=0
qi < (k + 1)2. (48)
Then either there exists a λ ∈ {0,1, . . . , k} such that
pλqi < 1, i = 0,1, . . . , k, (49)
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or there exists a µ ∈ {0,1, . . . , k} such that
qµpi < 1, i = 0,1, . . . , k. (50)
Proof. Suppose, on the contrary, that for every i ∈ {0,1, . . . , k} there exists a
µi ∈ {0,1, . . . , k} and a λi ∈ {0,1, . . . , k} such that
piqµi = 1, qipλi = 1. (51)
Then from (48) and (51) for all i, j ∈ {0,1, . . . , k} we obtain
piqµj  1 = piqµi , pjqµi  1 = pjqµj ,
qipλj  1 = qipλi , qjpλi  1 = qjpλj ,
from which it is obvious that
qµj = qµi , pλj = pλi , i, j ∈ {0,1, . . . , k}. (52)
Therefore, relations (51) and (52) imply that
pi = pj , qi = qj , i, j ∈ {0,1, . . . , k},
which contradicts to (48). This completes the proof of the lemma. ✷
Lemma 2. Let ai, bi , i = 1,2, . . . , k, be real numbers. Then it holds(
k∑
i=0
ai
)(
k∑
i=0
bi
)
=
k∑
s=0
s∑
i=0
aibs−i +
2k∑
s=k+1
k∑
i=s−k
aibs−i . (53)
Proof. We can easily prove (53) for k = 1. Suppose that (53) is true for k = m.
Then we have(
m+1∑
i=0
ai
)(
m+1∑
i=0
bi
)
=
(
m∑
i=0
ai
)(
m∑
i=0
bi
)
+ am+1
m∑
i=0
bi + bm+1
m∑
i=0
ai
+ am+1bm+1
=
m∑
s=0
s∑
i=0
aibs−i +
2m∑
s=m+1
m∑
i=s−m
aibs−i + am+1
m∑
i=0
bi
+ bm+1
m∑
i=0
ai + am+1bm+1
=
m∑
s=0
s∑
i=0
aibs−i +
m+1∑
i=0
aibm+1−i
+
2m∑
s=m+2
m∑
i=s−m
aibs−i + am+1
m∑
i=1
bi + bm+1
m∑
i=1
ai
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+ am+1bm+1
=
m+1∑
s=0
s∑
i=0
aibs−i +
2m∑
s=m+2
m∑
i=s−m
aibs−i + am+1
m∑
i=1
bi
+ bm+1
m∑
i=1
ai + am+1bm+1. (54)
Moreover, we have
2m+2∑
s=m+2
m+1∑
i=s−m−1
aibs−i =
2m∑
s=m+2
m+1∑
i=s−m−1
aibs−i + am+1bm + bm+1am
+ am+1bm+1
= bm+1
2m∑
s=m+2
as−m−1 + am+1
2m∑
s=m+2
bs−m−1
+
2m∑
s=m+2
m∑
i=s−m
aibs−i + am+1bm + bm+1am
+ am+1bm+1
=
2m∑
s=m+2
m∑
i=s−m
aibs−i + am+1
m∑
i=1
bi + bm+1
m∑
i=1
ai
+ am+1bm+1. (55)
From (54) and (55) it is obvious that (53) holds for k =m+ 1. This completes the
proof of the lemma. ✷
Proposition 3. Consider system (3) where Ai,Bi , i ∈ {0,1, . . . , k}, are positive
constants and pi, qi , i = 0, . . . , k, are positive numbers such that relations (48)
hold. Then the following statements are true:
(i) System (3) has a unique positive equilibrium (x¯, y¯).
(ii) In addition, suppose that the hypotheses (i) and (iv) (respectively, (i) and (v))
(respectively, (i) and (vi)) (respectively, (ii) and (iv)) (respectively, (iii)
and (iv)) (respectively, (iii) and (vi)) of Proposition 1 are satisfied. Then
(x¯, y¯) is globally asymptotically stable.
Proof. (i) We set
f (x)=
k∑
i=0
Ai(∑k
j=0
Bj
x
qj
)pi , g(x)=
k∑
i=0
Bi(∑k
j=0
Aj
x
pj
)qi . (56)
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From (56) it follows that
lim
x→0f (x)= 0, limx→0g(x)= 0. (57)
Moreover, using (56) we get
f ′′(x)=
(
k∑
j=0
qjBj
xqj+1
)2( k∑
i=0
pi(pi + 1)Ai(∑k
j=0
Bj
x
qj
)pi+2
)
−
(
k∑
j=0
qj (qj + 1)Bj
xqj+2
)(
k∑
i=0
piAi(∑k
j=0
Bj
x
qj
)pi+1
)
. (58)
We prove now that for every i ∈ {0,1, . . . , k}
hi(x)= (pi + 1)
(
k∑
j=0
qjBj
xqj+1
)2
−
(
k∑
j=0
Bj
xqj
)(
k∑
j=0
qj (qj + 1)Bj
xqj+2
)
 0. (59)
From (48) we get for j = 0,1, . . . , k
(pi + 1)q2j  (piqj + qj )qj  (1+ qj )qj (60)
and for v,w ∈ {0,1, . . . , k}, v =w,
2(pi + 1)qvqw = (piqv + qv)qw + (piqw + qw)qv  2qvqw + qv + qw
 q2v + q2w + qv + qw = qv(1+ qv)+ qw(1+ qw). (61)
Hence relations (60) and (61) imply that (59) is true. Since (48) is satisfied and
using (60) and (61), there exists a m ∈ {0,1, . . . , k} such that
hm(x) < 0. (62)
Therefore, from (58), (59) and (62) it follows that
f ′′(x) < 0, x ∈ (0,∞). (63)
Similarly, we can prove that
g′′(x) < 0, x ∈ (0,∞). (64)
In addition, since (48) hold, from Lemma 1 either (49) or (50) is satisfied.
Suppose first that (49) hold. Then, we can set
c=min
{
1,
(
Aλ
Dpλ
)1/(1−s2)}
, D =
k∑
i=0
Bi,
s2 =max{qipλ, i = 0,1, . . . , k}. (65)
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Then, since f is an increasing function and using (3), (48) and (65) we get
f (c)=
k∑
i=0
Ai(∑k
j=0
Bj
c
qj
)pi > Aλ(∑k
j=0
Bj
c
qj
)pλ  AλDpλ cs2  c. (66)
Similarly, if (50) is satisfied, then, if
d =min
{
1,
(
Bµ
Cqµ
)1/(1−r2)}
, C =
k∑
i=0
Ai,
r2 =max{piqµ, i = 0,1, . . . , k},
we can prove that
g(d) > d. (67)
Therefore, since f,g are increasing functions, relations (57), (63), (64) and (66)
or (67) are satisfied, either there exists a unique a positive x¯ ∈ (0,∞), such that
x¯ = f (x¯), (68)
or a unique positive y¯ ∈ (0,∞), such that
y¯ = g(y¯). (69)
If (68) holds, then, by setting
y¯ =
k∑
i=0
Bi
x¯qi
, (70)
from (56), (68) and (70) we have
x¯ =
k∑
i=0
Ai
y¯pi
. (71)
Hence, using (70) and (71) we have that (x¯, y¯) is the unique positive equilibrium
for (3).
Similarly, if (69) is satisfied by defining x¯ as in (71), then using (56), (69)
and (71) we have that y¯ satisfies (70). So, (x¯, y¯) is again the unique positive equi-
librium for (3). Thus the proof of of (i) is completed.
(ii) From (3) we have the system of independent equations
xn+1 =
k∑
i=0
Ai(∑k
j=0
Bj
x
qj
n−i−j−1
)pi ,
yn+1 =
k∑
i=0
Bi(∑k
j=0
Aj
y
pj
n−i−j−1
)qi . (72)
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Using (70)–(72) we can prove that the linearized equation of the first (respectively,
second) equation defined in (72) about x¯ (respectively, y¯) is
vn+1 =
k∑
s=0
s∑
i=0
AiBs−ipiqs−i
x¯qs−i+1y¯pi+1
vn−s−1
+
2k∑
s=k+1
k∑
i=s−k
AiBs−ipiqs−i
x¯qs−i+1y¯pi+1
vn−s−1. (73)
Using Lemma 2, we have(
k∑
i=0
Ai
y¯pi
)(
k∑
i=0
Bi
x¯qi
)
=
k∑
s=0
s∑
i=0
AiBs−i
x¯qs−i y¯pi
+
2k∑
s=k+1
k∑
i=s−k
AiBs−i
x¯qs−i y¯pi
. (74)
In addition, since relations (48) hold, then from (70), (71) and (74) we have
k∑
s=0
s∑
i=0
AiBs−ipiqs−i
x¯qs−i+1y¯pi+1
+
2k∑
s=k+1
k∑
i=s−k
AiBs−ipiqs−i
x¯qs−i+1y¯pi+1
<
1
x¯y¯
k∑
s=0
s∑
i=0
AiBs−i
x¯qs−i y¯pi
+ 1
x¯y¯
2k∑
s=k+1
k∑
i=s−k
AiBs−i
x¯qs−i y¯pi
= 1. (75)
Then, applying Remark 1.3.1 of [3] to Eq. (73), we have from (75) that all the
roots of the characteristic equation of the difference equation (73) are of modulus
less than one. Therefore (x, y) is locally asymptotically stable.
Let (xn, yn) be an arbitrary solution of (3). From Proposition 1 there exist
0< lim inf
n→∞ xn = l1, lim supn→∞ xn = L1 <∞,
0< lim inf
n→∞ yn = l2, lim supn→∞ yn = L2 <∞. (76)
Using (3) and (76) it follows that
L1 
k∑
i=0
Ai
l
pi
2
, l1 
k∑
i=0
Ai
L
pi
2
, L2 
k∑
i=0
Bi
l
qi
1
, l2 
k∑
i=0
Bi
L
qi
1
.
From (56) we get
L1  f (L1), l1  f (l1). (77)
Then, from (77) we have
f (l1)
l1
 f (L1)
L1
. (78)
Moreover, since (48) hold and
f (x)
x
=
k∑
i=0
Ai(∑k
j=0
Bj
x
qj−1/pi
)pi ,
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it follows that f (x)/x is a decreasing function. Therefore, using (78) we have
l1 = L1
from which we have that there exists the limn→∞xn. So, from (3) there exists also
the limn→∞yn. Hence, from (3) we get limn→∞xn = x¯, limn→∞yn = y¯. This
completes the proof of (ii). Thus the proof of the proposition is completed. ✷
In the last proposition we find solutions of (3) which do not oscillate about the
positive equilibrium of (3).
Proposition 4. Consider system (3) where Ai,Bi , i ∈ {0,1, . . . , k}, are positive
constants and pi, qi , i = 0, . . . , k, are positive numbers such that relations (48)
hold. Then the following statements are true:
(i) Let R+ = (0,∞). The sets
D1 =
{
(z1, z2, . . . , zk+1,w1,w2, . . . ,wk+1) ∈R2k+2+ ,
zi  x¯, wi  y¯, i = 1,2, . . . , k + 1
}
and
D2 =
{
(z1, z2, . . . , zk+1,w1,w2, . . . ,wk+1) ∈R2k+2+ ,
zi  x¯, wi  y¯, i = 1,2, . . . , k + 1
}
are invariant regions for (3); that is, if (xn, yn) is a positive solution of (3)
such that
(x−k, x−k+1, . . . , x0, y−k, y−k+1, . . . , y0) ∈D1 (79)
(respectively,
(x−k, x−k+1, . . . , x0, y−k, y−k+1, . . . , y0) ∈D2), (80)
then
(xn, xn+1, . . . , xn+k, yn, yn+1, . . . , yn+k) ∈D1 (81)
(respectively,
(xn, xn+1, . . . , xn+k, yn, yn+1, . . . , yn+k) ∈D2), (82)
where n= 1,2, . . . .
(ii) Let (xn, yn) be a positive solution of (3) such that (79) or (80) is satisfied.
Then (xn, yn) does not oscillate about (x, y).
Proof. (i) Let (xn, yn) be a positive solution of (3) such that (79) is satisfied. Then
from (3), (70), (71) and (79) it follows that
x1 =
k∑
i=0
Ai
y
pi
−i

k∑
i=0
Ai
ypi
= x, y1 =
k∑
i=0
Bi
x
qi
−i

k∑
i=0
Ai
xqi
= y. (83)
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Using (3), (70), (71), (79), (83) and working inductively we can easily prove (81).
Similarly, if (80) holds, we can prove that (82) is satisfied. This completes the
proof of part (i).
(ii) The proof follows immediately from (i). ✷
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